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Let G be a graph, and f :G → G be a continuous map. Let R( f ) and P ( f ) denote the sets
of recurrent points and periodic points respectively. In this paper, we show that R( f ) =
R( f ) ∪ P ( f ), where Z is the closure of the set Z .
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1. Introduction
A topological dynamical system is a pair (X, f ), where X is a compact metric space and f is a continuous map from X to
itself. One uses N to denote the set of the natural numbers and Z+ the non-negative integers. For x ∈ X , { f n(x): n ∈ Z+} is
called the orbit of x and is denoted by O(x, f ). x is periodic if f n(x) = x for some n ∈ N. x is called a recurrent point of f if
for any neighborhood U of x and any m ∈ N there exists n >m such that f n(x) ∈ U . Let P ( f ) and R( f ) denote the sets of
periodic points and recurrent points of f respectively. For a metric space X , the interior, closure and boundary of a subset
A ⊆ X are denoted by ◦A , A and ∂ A respectively.
Generally for a system (X, f ) both P ( f ) and R( f ) are not closed, and there are no further relations except for P ( f ) ⊂
R( f ). But for one-dimensional systems one can say more. In [4,6] it was shown that R( f ) = P ( f ) when X = I = [0,1]. This
result was generalized to tree maps in [7]. But generally for graph maps R( f ) = P ( f ) does not hold. For example, let X
be the unit circle and f be the irrational rotation on it, then R( f ) is the whole space but P ( f ) is an empty set. In this
note we will show that, for any graph map f , R( f ) = R( f ) ∪ P ( f ). We remark that in [3] the author studied the “spectral”
decomposition for one-dimensional maps, and R( f ) = R( f ) ∪ P ( f ) can be implied by his characterizations of the closure
of P ( f ) and the center of f . But here we offer a different approach to the problem, and the proof is very short and direct.
First let us recall some deﬁnitions about graph. By a graph we mean a connected compact one-dimensional polyhedron
in R3. An arc is any space which is homeomorphic to the closed interval [0,1]. Then a graph G is a continuum (i.e.
a nonempty, compact, connected metric space) which can be written as the union of ﬁnitely many arcs and any two of
which are either disjoint or intersect only in one common endpoint. Each of these arcs is called an edge of the graph, and
its end is called a vertex. The set of vertices is denoted by V (G). Let G be a graph. A continuous map from G to itself is
called a graph map, and the collection of all graph maps is denoted by C0(G). For more about one-dimensional systems refer
to [1,2,5].
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10 J.-H. Mai, S. Shao / J. Math. Anal. Appl. 350 (2009) 9–11Let A be an arc of G and x, y ∈ A. Denote by [x, y]A = [y, x]A the smallest subarc of A containing x and y. Write
(x, y]A = [y, x)A = [x, y]A \ {x} and (x, y)A = (x, y]A \ {y}. If there is no confusion one omits the subscript A.
2. The sets of recurrent points and periodic points of graph maps
The main result of the paper is the following:
Theorem 2.1. Let G be a graph and f ∈ C0(G). Then
R( f ) = R( f ) ∪ P ( f ).
To prove this result, we need the following lemma.
Lemma 2.2. Let G be a graph, A ⊆ G be an arc with ∂ A = {w,w ′}, and f ∈ C0(G). Suppose that ◦A ∩ V (G) = ∅, A ∩ P ( f ) = ∅, and
there exists {x, y} ⊆ ◦A with x ∈ (w, y) and j,k ∈ N such that { f j(x), f k(y)} ⊆ [x, y].
(1) If f j(x) ∈ (x, f k(y)], then f j(w) ∈ ◦A.
(2) If f k(y) ∈ [x, f j(x)), then { f j(w), f j+k(w)} ∩ ◦A = ∅.
Proof. For convenience, we may assume that A = [0,1] and 0 = w < x < y < w ′ = 1.
(1) Assume that x < f j(x) f k(y) < y but
f j(w) /∈ ◦A. (2.1)
Since f j(x) ∈ ◦A and ◦A ∩ V (G) = ∅, it follows from (2.1) that
f j
([w, x))∩ {w,w ′} = ∅.
Let
v0 = max
(
f − j
({w,w ′})∩ [w, x)).
If f j(v0) = w , then [v0, x] ⊆ f j([v0, x]) ⊆ A, which implies that f j(z) = z for some z ∈ [v0, x]. But this contradicts that
A ∩ P ( f ) = ∅. Thus one has
f j(v0) = w ′ and
[
f j(x),w ′
] ⊆ f j([v0, x]
) ⊆ (w,w ′]. (2.2)
Let yn = f kn(y) for all n ∈ Z+ . Take
v1 = max
([v0, x] ∩ f − j(y0)
)
, v2 = min
([v1, x] ∩ f − j(y1)
)
.
Then v0 < v1 < v2  x < f j(x) f k(y) = y1 < y0 = y, f j(v1) = y0, f j(v2) = y1, and f j([v1, v2]) = [y1, y0]. Let
t0 = max
{
t ∈ [v1, y0]: f k(t) = v1
}
.
Then v1 < t0 < y0, f k([t0, y0]) ⊆ [v1, y0), and t − f k(t) > 0 for all t ∈ [t0, y0]. Let ε0 = min{t − f k(t): t ∈ [t0, y0]}. Then
there is a positive integer m < (y0 − t0)/ε0 such that
v1 < ym+1 < t0 < ym < ym−1 < · · · < y1 < y0.
Let g1 = f j and gn+1 = f kn+ j for all n ∈ N. It is easy to see that there exist points a1,b1,a2,b2, . . . ,am+2,bm+2 in [v1, v2]
such that
v1  a1  a2  · · · am+2 < bm+2  bm+1  · · · b2  b1  v2,
gn
([an,bn]
) = [yn, yn−1], gn(an) = yn−1, gn(bn) = yn for n = 1,2, . . . ,m + 1,
and
gm+1(bm+2) = t0, gm+2(bm+2) = v1,
gm+2(am+2) = ym+1, gm+2
([am+2,bm+2]
) = [v1, ym+1].
Let p = max{n: 1  n  m + 2, and bn < gn(bn)}. Since b1  v2 < y1 = g1(b1) and bm+2 > v1 = gm+2(bm+2), one
has p ∈ {1,2, . . . ,m + 1}. Since gp+1(bp+1) < bp+1, gp+1(ap+1) = yp = gp(bp) > bp > ap+1, and gp+1([ap+1,bp+1]) =
[gp+1(bp+1), yp], there is a point u ∈ [ap+1,bp+1] such that gp(u) = f j+pk−k(u) = u. But this contradicts that P ( f )∩ A = ∅.
Thus (2.1) cannot hold, and one has f j(w) ∈ ◦A .
J.-H. Mai, S. Shao / J. Math. Anal. Appl. 350 (2009) 9–11 11(2) Assume that x  f k(y) < f j(x)  y and f j(w) /∈ ◦A . Let v0 be the same as in the proof of (1). Then it follows
from (2.2) that there exists x′ ∈ (v0, x) such that f j(x′) = y, and hence one has
x′ < x f j+k(x′) = f k(y) < y.
By (1) of this lemma, one has f j+k(w) ∈ ◦A . Lemma 2.2 is proven. 
Lemma 2.3. Let G be a graph, A be an arc in G with
◦
A ∩ V (G) = ∅, w ∈ ∂ A, and f ∈ C0(G). If ◦A ∩ P ( f ) = ∅ and ◦A ∩ R( f ) = ∅, then
O(w, f ) ∩ ◦A = ∅.
Proof. Take a point x ∈ ◦A ∩ R( f ). There exist j,k ∈ N such that { f j(x), f j+k(x)} ⊆ ◦A and f j+k(x) ∈ (x, f j(x)). Thus, by
Lemma 2.2, one has
O(w, f ) ∩ ◦A ⊇ { f j(w), f k(w), f j+k(w)} ∩ ◦A = ∅. 
Now it is time to give the proof of Theorem 2.1.
Proof of Theorem 2.1. It is clear that R( f ) ⊇ R( f ) ∪ P ( f ). Conversely, for any w ∈ R( f ) \ P ( f ) and any neighborhood U
of w in G , there exits an arc A ⊆ U such that w ∈ ∂ A, ◦A ∩ V (G) = ∅, A ∩ P ( f ) = ∅, and ◦A ∩ R( f ) = ∅. By Lemma 2.3, one
has O(w, f ) ∩ ◦A = ∅, which implies that w ∈ R( f ). Thus one has
R( f ) = R( f ) ∪ P ( f ). 
From Theorem 2.1 we immediately obtain the following
Corollary 2.4. Let f be a graph map. If P ( f ) is closed, then R( f ) is closed.
It is well known that there exists f ∈ C0([0,1]) such that R( f ) is closed but P ( f ) is not closed (for example, see [5]).
Thus the converse of Corollary 2.4 is not true.
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